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Abstract 

We study conchoids to algebraic curve from the perspective of 
algebraic geometry, analyzing their main algebraic properties. We 
introduce the formal definition of conchoid of an algebraic curve by 
means of incidence diagrams. We prove that, with the exception of a 
circle centered at the focus and taking d as its radius, the conchoid 
is an algebraic curve having at most two irreducible components. In 
addition, we introduce the notions of special and simple components 
of a conchoid. Moreover we state that, with the exception of lines 
passing through the focus, the conchoid always has at least one simple 
component and that, for almost every distance, all the components of 
the conchoid are simple. We state that, in the reducible case, simple 
conchoid components are birationally equivalent to the initial curve, 
and we show how special components can be used to decide whether 
a given algebraic curve is the conchoid of another curve. 
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1 Introduction. 



A conchoid is a curve derived from a fixed point, another curve, and a length 
in the following way. Let C be a plane curve (the base curve), A a fixed point 
in the plane (the focus), and d a non-zero fixed field element (the distance). 
Then, we consider the set of all points in the plane for which there exists 
a point P G C such that the distance between P and Q is d, being A, P, Q 
collinear (see Fig. [I]). Such a geometric locus will be called the conchoid of 
C from the focus A at distance d. 




Focus A 



Figure 1: Left: Conchoid Geometric Construction. 

Right: Conchoid of a circle with focus on it. 

The two classical and most famous conchoids are the Conchoid of Nico- 
medes (see Example 12 .41 and Fig. [3]) and the Limagon of Pascal (see Example 
13.61 Fig. [1] right, Fig. H]) that appear when the base curve C is a line and 
a circle, respectively. Conchoid of Nicomedes was introduced by Nicomedes, 
around 200 B.C., to solve the problems of doubling the cube and of trisecting 
an angle. 

Conchoids play an important role in many applications as construction 
of buildings (one can already find specific methods for producing Limagons 
in Albert Diirer's Underweysung der Messung), astronomy (see (|6|)), electro- 
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magnetic research (see (I la)), physics (see (jl4l)). optics (see (|3|)), engineering 
in medicine and biology (see (0), (@)), mechanical in fluid processing (see 
(US)), etc. 

Although conchoids have been extensively used and applied in different 
areas, a deep theoretical analysis of the concept and its main properties is 
missing; at least from our point of view. In this paper, we consider conchoids 
from the perspective of algebraic geometry, and we study their main algebraic 
properties, with the aim of building a solid bridge from theory to practice 
that can be used for further theoretical and applied developments. More 
precisely, we introduce the formal definition of conchoid of an algebraic curve, 
over an algebraically closed field of characteristic zero, by means of incidence 
diagrams. We also introduce the notion of generic conchoid, and we show how 
elimination theory techniques, as Grobner bases, can be applied to compute 
conchoids. We prove that, with the exception of a circle centered at the focus 
and taking d as its radius, the conchoid is an algebraic curve having at most 
two irreducible components. Note that for the particular circle, mentioned 
above, the conchoid consists in two components: a circle of radius 2d and 
the zero- dimensional set formed by the focus. In addition, we introduce 
the notions of special and simple components of a conchoid. Essentially, 
a component of a conchoid is special if its points are generated for more 
than one point of the original curve. This phenomenon appears when one 
computes conchoids of conchoids. Moreover we state that, with the exception 
of lines passing through the focus, the conchoid always has at least one simple 
component. Furthermore we prove that, for almost every distance and with 
the exception of lines passing through the focus, all the components of the 
conchoid are simple. Simple and special components play an important role 
in the study of conchoids. On one hand, simple components are related to the 
birationality of the maps in the incidence diagram (for instance, if a conchoid 
has two components, its simple components are birationally equivalent to 
the initial curve) and, on the other hand, special components can be used to 
decide whether a given algebraic curve is the conchoid of another curve. A 
similar behavior of simple components holds for offsets (see (jTll)). and have 
allowed us to provide formulas for the genus (see (0)). We plan to investigate 
this, for the case of conchoids, in our future research. 

The paper is structured as follows. In Section [2], we formally introduce 
the notion of conchoid of an algebraic curve. In Section [3] we state the 
basic algebraic properties of conchoids. Section HJ we introduce the notion 
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of simple and special component and we state its main properties. Section 
studies how simple components are related to the birationality of the maps 
in the incidence diagram, and Section [6] shows how special components can 
be applied to detect whether a curve is the conchoid of another curve. 

2 Definition of Conchoid. 

Let K be an algebraically closed field of characteristic zero. We consider K 2 
as the metric affme space induced by the inner product B((x\,x 2 ), {yi, 2/2)) = 
X\yi+x 2 y 2 . In this context, the circle of center (ai, a 2 ) G K 2 and radius d G IK 
is the plane curve defined by (xi — a x ) 2 + (x 2 — a 2 ) 2 = d 2 . We will say that the 
distance between the points x, y G IK 2 is d G K* if y is on the circle of center 
x and radius d (notice that the distance is hence defined up to the sign). 
On the other hand, if 1 6 K 2 is not isotropic we denote by ||x|| any of the 
numbers such that ||a;|| 2 = B(x,x), and if x G K 2 is isotropic, then \\x\\ = 0. 
In this paper we usually work with both solutions of ||x|| 2 = B(x,x). For 
this reason we use the notation ±||x||. 

In this situation, let C be the affine irreducible plane curve defined by the 
irreducible polynomial f(yi,y 2 ) G K[yi,y 2 ], let d G K* be a non-zero field 
element, and let A = (a, b) G K 2 . In order to get a formal definition of the 
conchoid, one introduces the following incidence diagram: 



<B(C,A,d) C K 2 x K 2 x K 




(Incidence Diagram) 



7n(8(C,A,d)) C K 2 



CcK 2 



where 05 (C, A, d) is the algebraic set of K 2 x K 2 x K defined as 



(x,y,w) G K 2 x E 2 x K 



/ 



/(yi,y 2 ) = o 

(xi - yi) 2 + (x 2 - y 2 ) 2 = d 2 

(y 2 - b) ■ (x x - y x ) - {y x - a) ■ (x 2 - y 2 ) = 

w ■ (( yi - a) 2 + (y 2 - bf) = 1 



) 
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and where 7Ti, vr 2 are the natural projections 

7Ti : I 2 x I 2 x K — > K 2 , 7T 2 : I 2 x I 2 x K — ► K 2 
(x,y,w) i — >x (x,y,w) i — >y. 

Observe that the first equation in *B(C,A,d) corresponds to C, the second 
and third guarantee that the distance between x and y is d and that x, y, A 
are collinear. The last equation excludes isotropic points on C; i.e. point 
y G C such that (yi — a) 2 + (y 2 — = 0. Note that this phenomenon occurs, 
for instance, taking f(y±, y 2 ) = (yi — a) + \/— 1 (2/2 — This type of situation 
will be analyzed in the next section. Then, we introduce the conchoid as 
follows. 

Definition 2.1 Let C be an affine irreducible plane curve, d G K* ; and A G 
K 2 . We define the conchoid of the base curve C from the focus A and distance 

d as the algebraic Zariski closure in IK 2 of ^(^(C, A, d)), and we denote it 
by £(C,A,d). That is, 

£(C, A, d) = m^B(C,A,d)). 

Remark 2.2 Observe that: 

(1) [Extension of the definition]. In Definition \2. 1\ we have considered irre- 
ducible curves. The same reasoning can be done for reducible curves, 
introducing the conchoid as the union of the conchoids of the irreducible 
components. 

(2) [False components]. Let C be a line (different to yi ± \/— = 0), 

and A G C (similarly for any other irreducible curve). Then, following 
the "intuitive" geometric description of the conchoid, one might claim 
that £(C, A, d) consists in C and a circle centered at A and radius d. 
However, attending to Definition \2.1\ the circle (let us call itT>) is not 
a component of the conchoid. Note that, although for every i£D the 
pair (x, A) satisfies the three equations o/*B(C, A, d) it does not satisfies 
the last one. 

(3) [Computation of the Conchoid]. Let I be ideal in K[x,y, w] generated by 
the polynomials defining 53 (C, A, d). Then, by the Closure Theorem (see 
(Qj p. 122), one has that <£(C,A,d) = V(I r\K[x]). Hence elimination 
theory techniques, as Grobner bases, provide the conchoid. 
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(4) [Generic Conchoid]. Reasoning as in Section 2 in /lid), one may intro- 
duce the notion of generic conchoid. Let us consider d as a new vari- 
able. Now, 03 (C, A, d) is seen as an algebraic set in K 2 x IK 2 x K x K; 
we denote it by *B(C,A,d)a- Then, the generic conchoid is defined as 

t(C, A, d) G = Tc^iC A,d) G ). 

Now, if Ig is the ideal in K[x, y, d, W] generated by the polynomials 
defining 03(C, A, d)c, by the Closure Theorem (see (Qj p. 122), one has 
that <t(C, A, d)g = V(Ig(~\K[x, d]). Moreover, reasoning as in Theorem 
6 in fwi) which is a direct consequence of Exercise 7, p. 283 in one 
gets that for almost all values o/rf 6 K* the generic conchoid specializes 
properly (see Example \2.3\) . An example where the specialization im- 
properly behaving is taking C as a circle centered at A and d its radius 
(compare to Theorem \3.4\) . A similar reasoning might be done with a 
generic focus, nevertheless we do not consider this situation here. □ 

Let us illustrate the definition by two examples. 

Example 2.3 Let C be the parabola over C defined by f{y 1,1/2) — Vi — y\, 
let A = (0,-1) and d = 1/2. Then 03 (C, A, d) is defined by polynomials 

f(V), C(x, y) := (xi - yi) 2 + (x 2 - y 2 f - 

L(x, y) := (y 2 + l)^ - Vl ) - Vl (x 2 - y 2 ), T(y, W) := W(y 2 + (y 2 + l) 2 ) - I. 

Now, considering W > y± > y 2 > X\ > x 2 , and computing a Grobner basis 
w.r.t. the lex order, one gets that C(C, A, d) is defined by the polynomial (see 
Fig. 0): 

g(xi,x 2 ) = lGxf + 32x 2 ,x? + 16x^ + 32x 2 x? - 32x 2 x| ; + 24x? - 24x?x 2 . - 
96x1x1, + I6x 6 2 ~ 8x 2 xf - 120xjx 3 2 + 6Ax 5 2 + 25xf - 68xjx 2 2 + 92x% + A8x 3 2 + 
\2x\ - 8x 2 2 - 16x 2 - 4, 

which is an irreducible curve over C. Similarly, one gets that <t(C, A,d)c is 
given by 

gG{xi,x 2 , d) = -d 2 + x\ + 4 x\ - 2 x 2 x\ - 4 x 2 d 2 - 6 x\x\ - 6 x\d 2 + 6 x\ + 
8 x\x 2 d 2 — 8 x\x\ + 3 x\d 2 + xf + 4 x 2 — x\x\ — 6 x\x\ + 7 x\x\d 2 — 2 x\x 2 d 2 + 
2 x\ + 2 x\x 2 + 2 x\d 2 - 2 x\x\ + 2 x\x\ + x\x\ - 2 x\d 2 x\ + 2 x\d 2 x\ + x\- 
x\d 2 - 2 x\d 2 + x\ + x\d A - 4 x^ 2 . 

Note that gc(x, 1/2) = g(x). □ 
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Figure 2: y 2 = y\ (in dots) and <l(y 2 — y\, (0, —1), 1/2) (in continuous traced). 

In the following example we consider that C is a line which does not pass 
through the focus, appearing the well known Conchoid of Nicomedes. 

Example 2.4 (Conchoid of Nicomedes) LetC be the lined defined by /(f/1,2/2) — 
y 2 and let A = (0, 1). Then, C(C,A,2) is defined by (see Fig. 

g(xx, x 2 ) = x 2 x i + x 2 ~ — 3x1 + & X 2 ~ 4. 



We finish this section studying the connection of conchoids to offsets (see 
for further details on offsets). We represent the offset to C at distance d 
as O d (C). 

Lemma 2.5 Let C be a real irreducible curve, and let A £ M 2 , d £ R*. Then, 
€(C, A, d) = Od{C) if and only if C is a circle centered at A. 

Proof. If C is a circle centered at A the result is obvious. Let C(C, A, d) = 
Od(C), the result follows from Lemma 3 in (j9|). □ 
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Figure 3: Conchoid of the line = with A = (0, 1) and d = 2. 



3 Basic Properties of Conchoids. 

In this section we state the first basic properties on conchoids. For this 
purpose, we assume that C is irreducible and given by /(?/i, 2/2), an d that 
A = (a, b) and d G IK* are fixed. In addition, we consider the following 
Zariski open subset of C 

Co = {{Pup 2 ) e C I {vi - a) 2 + (p a - bf ^ 0}; 

i.e. Cq consists in those points P G C such that A — P is non-isotropic. Cq 
plays an important role in the conchoid construction. Note that if Cq = 
then the last equation of 9B(C,A,d) does not hold, and hence €(C,A,d) is 
empty. This is the case of the lines (y± — a) ± a/— l(jj2 — b) = 0. The next 
proposition relates Cq with these lines, that we denote in the sequel as C + 
and Cr . 

Proposition 3.1 It holds that: 

(1) Cq = if and only if C is either C + or C~ . 

(2) C \ Cq = C n (£+ U £-). Moreover, Card(C \ C ) < 2 deg(C) 

(3) A i Cq. 
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(4) If C is real then Cq 7^ 0. 

Proof. (1) The right-left implication is trivial. Conversely, let Co = 0. Let 
#(2/1, 3/2) = (yi - a) 2 + (y 2 - b) 2 . Then, for every P G C, g(P) = 0. That is, 
g G 1(C). Now, the proof ends taking into account that / is irreducible. (2), 
(3) and (4) follows from (1). □ 

In the following, we analyze the maps appearing in the incidence diagram 
(see Section [2]). 

Lemma 3.2 Let ~K\ and tt 2 be the projections in the incidence diagram as- 
sociated with C. 

(1) If C is not the circle centered at A and radius d then it holds that 

(1-1) 7Ti is, at most (2 : 1), over all points in 7Ti(*8(C, A, d)) \ {A}. 
(1.2) IfAe 7n(Q5(C, A,d)) then Card(7r 1 ~ 1 (A)) < 2deg(C). 

(2) 7r 2 is (2 : 1) over all points in Cq. 
Proof. We consider the polynomials 

C(x,y) = (x 1 - yj 2 + (x 2 - y 2 ) 2 - d 2 , 

V) = (2/2 - b) (xi - 2/1) - (2/1 - a) (x 2 - 2/2) 
= (b- x 2 )yi + (xi - a)y 2 - bxi + ax 2 . 

Let us prove (1). For x° G 7Ti(Q3(C, A, d)), let V^o, C s o be the algebraic set in 
K 2 defined by C(x°, y), L(x°, y), respectively. Note that L(x°, y) is identically 
zero if and only if x° = A. Now, if x° 7^ A then 7rj~ 1 (x°) consists in those 
(x°,y,w°) where y G C n V s o n £ s o and w° = l/((yi - a) 2 + (y 2 - b) 2 ). 
Thus, since deg(P 5 o) = 2 and deg(£ 5o ) = 1, then Card(7r 1 " 1 (x )) < 2. If 
x° = A then 7rj~ 1 (x°) consists in those (x°,y,w°) where y G C H T> s o and 
w° = l/( (2/1 — a) 2 + (y 2 — b) 2 ). Thus, since by hypothesis C and D^o do not 
have common components, then Card(7r 1 ~ 1 (x )) < 2deg(C). 
Now we prove (2). Let y° G Co, and let T>^ and CP be the algebraic sets 
defined by C(x,y°), and L(x,y°) respectively. V^ is the circle centered in 
y° and radius d, and is the line passing through y° and A; note that 
by Prop. 13.11 A Co, and hence y° 7^ A. So, C? is not tangent to . 
Moreover, vr 2 ^ 1 (y°) consists in those (x,y°,w°) such that x eVy n £ s and 
u,o = l/((j/0-a) 2 + (2/§-6) 2 ), with y° = (y?,^ ). Therefore, Card^ 1 ^)) = 
2. □ 



9 



Remark 3.3 Because of the last equation o/Q3(C, A, d), 7r 2 (23(C, A, d)) C Co, 
and by Lemma\ZM (2), 7r 2 (23(C, A, <£)) = C . □ 

The following theorem essentially states that the conchoid is a curve with 
at most two irreducible components. 

Theorem 3.4 Let Co ^ 0, then it follows that: 

(1) All the components of 03 (C, A,d) have dimension 1. 

(2) If C is not a circle centered at A and radius d, all the components of 
£(C,A,d) have dimension 1. 

(3) If C is a circle centered at A and radius d, £(C, A, d) decomposes as the 
union of {A} and the circle centered at A and radius 2d. 

(4) £(C,A,d) has at most two components. 

Proof. Let us prove (1). By Remark 13.31 since Co ^ 0, one gets that 
03 (C, A, d) ^ 0. Let Y be an irreducible component of 23 (C, A, d). Let M G T 
and P = vr 2 (M) G C . Let V(t) = (Pi(t), P 2 (t)) be a place of C centered at 
P. We consider 

b (t)= \ V{t)±-^=. 



where A(t) = (Pi(t) - a) 2 + (P 2 (t) -b) 2 . Note that A{t) = (pi - a) 2 + (p 2 - 
b) 2 + • • -, where P = (pi,p2)- Thus, since P G Co, the above power series 
is a unit. Therefore, each component of Q ± {t) can be written as a power 
series. Thus, Q ± {t) parametrize locally, respectively, two curves contained 
in Q3(C,A, d) and passing through each of the two points in 7r 2 " 1 (P). Let 
Q + (t) be the one centered at M G tt 2 (P). Thus, dimT > 1. Now, let us 
assume that dim(T) > 1, and let C be an irreducible component of ^(T). 
By Theorem 7 pp. 76 in (1121 ). there exists an open set U C C such that for 
every y° G U it holds that dim(7r 2 ~ 1 (|/ )) > 1. Then, taking y° G U C Co one 
gets a contradiction, since by Lemma [3j (2), dim^ 1 (y )) = 0. 

(2) follows as (1), using that 7Ti is always finite (see Lemma [3721 (1)). 

(3) It is trivial. 

For (4), the reasoning is analogous to Theorem 1 in fjlll ). using statements 
(1), (2) and (3) in this theorem and Lemma [3.21 □ 



Next lemma follows from Lemma 13.21 Theorem 13. 4[ and the theorem on 
the dimension of fibres in (flij ) (see Theorem 7, pp.76). 
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Lemma 3.5 Let Cq ^ and -K\ and ir 2 the projections in the incidence dia- 
gram associated with C. 

(1) If Vt is a non-empty open subset ofC, then 7T 1 (7T 2 ^ 1 (f2)) is a non-empty 
Zariski dense subset of <£(C,A,d). 

(2) If C is not the circle centered at A and radius d, and Q is a non-empty 
open subset of an irreducible component of <£(C,A,d), then 7r 2 (7rf 

is a non-empty Zariski dense subset of C. 

Proof. (1) follows using that 7r^" 1 (C ) = 93(C,A,<f) (see Remark l3T3"j) . and 
that 7Ti(Q3(C, A, d)) is constructible in £(C, A, d) (see Theorem 3.16. in (0)). 
In order to prove (2), let M. be an irreducible component of <£(C, A, d), let ^ 
tic Mbe open in M, and let tt' = Q n 7Ti(<8(C, A, d))). Since dim(M) = 1 
(see Theorem 13.4( 2)) and iii is finite over Q' (see Lemma l3.2p . at least one 
component of tt^ 1 (O') has dimension 1. Let T C 7r ] ^ 1 (f2 / ) be irreducible of 
dimension 1. Then, since 7r2 is finite over Co (see Lemma 13.21) . by Theorem 



7 (ii), pp. 76, in (1121 ). one has that dim(7r 2 (r)) = 1. Therefore, the result 
follows taking into account that ^(r) C ^(vrf 1 ^')) C 712(^1 C. C and 

that C is irreducible. □ 

Example 3.6 (Limacons of Pascal) Let C be the circle centered at (0,0) and 
radius r = 2. Then, the conchoid of C with A = (—2,0) G C and d = 1 
(Limagon of Pascal at distance 1, see Fig. is defined by the polynomial: 

g(x±, £2) = x{ + 2x\x\ — 9x1 ~ ^xi — 9x1 + 12 + x\. 

On the other hand, if we move the focus to A = (0, 0) ^ C, one observes 
that the conchoid at distance d = 1 has two irreducible components (two cir- 
cles centered at A and radius 1 and 3, respectively) defined by the irreducible 
factors (x\ — 9 + x|) • (x\ — 1 + x\). Note that, in this case, £(C, A, d) is the 
offset of C at distance d = 1 (see Lemma \2.5\) . □ 



4 Simple and Special Components. 

In Theorem I3.4[ we have seen that if C is not a circle centered at the focus, 
all components of the conchoid are curves. In the sequel, we assume that C 
is not such a circle centered at the focus and that Co 7^ 0. Now, we introduce 
and analyze the notion of simple and special components of a conchoid. 
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Figure 4: Circle centered at (0, 0) and radius r = 2 (in dots), and its conchoid 
from the focus (—2, 0) and radius d = 1 (continuous traced). 

Special and simple components provide information on the birationality of 
the projections in the incidence diagram (see Section EJ), and they can be 
used to decide whether a curve is a conchoid (see Section [6]). Essentially, 
one component of the conchoid is special if its points are generated for more 
than one point of the original curve. This phenomenon appears when one 
computes conchoids of conchoids (see Theorem 14.5ft . In addition, Theorem 
14.121 states that, for almost every distance and with the exception of lines 
passing through the focus, all the components of the conchoid are simple. 

Definition 4.1 An irreducible component A4 ofC(C,A,d) is called simple if 
there exists a non-empty Zariski dense subset Q C M. such that if Q G Q 
then Card(7r 2 (7rf 1 (Q))) = 1. Otherwise M. is called special. □ 

Remark 4.2 An irreducible component A4 is special iff there exists a Zariski 
dense fl/HcM such that for Q e fl, Card(7T 2 (7rf : (Q))) > 1. □ 

Proposition 4.3 Let M. be an irreducible component of £(C,A,d). Then, 
it holds that: 

(1) The open subset A4o C M. is not empty. (See Section^ for the defini- 
tion of M.q). 
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(2) C is a component of £(M, A,d). 

(3) Let d! E IK* such that d 2 7^ d' 2 . If M' is an irreducible component of 
C(M,A,d'), then M' is a component of £(C, A, d + d') or of €(C, A, d- 
d'). 

Proof. In order to prove (1), we suppose that Mo = 0. By Proposition 
IO (1), M is either £+ or £~. Say M = £+ similarly if M = Cr . Then, 
tt : = £ + n7ri(Q5(C,A,d)) ^ and dense in £+. So, there exists P E tt\{A}. 
Let (Pq,Q ,w ) E 7rjf 1 (P ); note that obviously n^ 1 (P ) 7^ 0. Now, observe 
that A, Pq are different points on the line £ + and, because of the third equa- 
tion of 05(C, A, d), P ,Q ,A are collinear. Thus, Q E £ + which impossible 
because of the last equation of 05 (C, A, d). 

To prove (2), let 7Tj and ir* be the projections in the incidence diagram asso- 
ciated with £(C,A,d) and <£(M, A, d), respectively Let C\ := ^2(^1 1 (Mo)) . 
By the statement (1), Mo is a non-empty open of the irreducible compo- 
nent M, and by Lemma 13.51 (2), C\ is a non-empty Zariski dense in C; 
observe that we have assumed that C is not the circle centered at A and 
radius d. Now, we see that for every P E C\ there exists Qo £ Mo an d 
wo G K such that (P,Qq,wq) E *B(M,A, d). Indeed, since P E C± there 
exists Q E M.q and w E IK such that (Q ,P, w ) E *B(C, A,d), and since 
Qo E M there exists it?i E K such that (P, Q ,Wi) E *&(M,A,d). There- 
fore, Ci C 7r*(05(.M, A, d)), and taking closures C C <£(A4, A, d). 
Finally, we prove (3). Let m, vr* and irf be the projections in the inci- 
dence diagram associated with €(C,A, d), C(M, A,d'), and €(C,A,d± d'), 
respectively; note that d 2 7^ d' 2 and hence (£(C, A, d ± d') is well defined. 
We consider A^i = 7T* (7r£ _1 (711 (71-2 1 (C )) H -M ) n M' . Taking into account 
that C 7^ 0,-M o 7^ 0,Af o 7^ 0, by Lemma [33] one gets that M[ is a non- 
empty Zariski dense of M'. Now, let P E M[. Then, there exists Qo E 
^(tt^^Co)) n Mo and w E K such that (P,Q ,w ) E *B(M,A,df). More- 
over, since Qo £ 7r i( 7r ^ 1 (Co))nA / lo, there exists Qi E C and u>i G IK such that 
(Qo,<5i,™i) e 05(C, A,d). Let us see that either (P, <2i,wi) G 05 (C, A, d + d') 
or (P, Qi,ioi) G 05(C,v4, d — d'). If we would prove this then it would hold 
that Mi C nf (05(C, A, d + d')) U 7T^(05(C, A, d - d')). Hence, taking clo- 
sures, M! C €(C,A,d+ d') U €(C,A,d - d'). Therefore, let us prove the 
claim; i.e. (i) Q\ E Co (this is equivalent to the first and last equation of 
05 (C, A,d±d')), (ii) P is on the circle centered at Qi are radius either d + d! 
or d — d! (second equation of 05 (C, A,d ± d')), (iii) P, Q±,A are collinear 
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(third equation of *B(C,A,d± d')). Indeed, we already now that Qi G Co- 
Moreover, since (P,Q ,w ) G ^&(M,A,d') and (Q ,Qi,wi) G Q5(C,A, d), 
then P, A, Qo are collinear and Qo,Qi,A are also collinear. Therefore, since 
A g {P, Qo, Qi} (this follows from Prop. O (2), because P G -M , Qi G C , 
and Qo G .Mo), then P, Qo, Qi, ^4 are collinear; in particular (hi) holds. Also, 
since (P, Qo, w ) £ ©(.M, A, d') and (Q , Qi, Wi) £ ©(C, A, d), then P is on 
the circle centered at Qo radius d! and Qi is on the circle centered at Qo and 
radius d. Thus, since P, Qo,Qi are collinear (see above), then (ii) holds. □ 

Remark 4.4 Note that, by Proposition \4 . 3\ (2) and Lemma \2. 5\ if C is not 

a circle centered at the focus, then for every d G IK* none component of 
£(C, A, d) is a circle centered at A. □ 

Next theorem shows that, similarly as in the offsetting construction (see 



fllll)). special components appear only when computing conchoids of con- 



choids. 

Theorem 4.5 An irreducible component Ai of(£(C, A, d) is special if an only 
if€(M,A,d) =C. 

Proof. Let M. be special. We assume w.l.o.g. that M.$ is the Zariski 
dense where the cardinality of the fiber is bigger than 1. By Prop. 14.31 (2), 
C C C(M,A,d). In order to see that C(M,A,d) C C, let ^ and ir* the 
projections in the incidence diagram associated with C and Ai, respectively. 
Let Q* = 7rJ(7r2 _1 (A^o))- By Lemma [331 ^* is dense in C(M,A,d). Now, 
let P G Q* . Then, there exists Q G Aio and Wq G IK such that (P, Q, Wo) G 
?8(A1, A, d). Moreover, using that Q G A4o, and that M. is special, one gets 
that Card(7r 2 (7r 1 - 1 (Q))) > 1. Let P u P 2 G n 2 (n^\Q)) C C . Then, there 
exists wi,W2 G IK such that (Q, Pi, Wi), (Q, P2, iu 2 ) £ 93(C,A, d). Therefore, 
Q,Pi,A are collinear, Q,P 2 ,A are collinear, and Pi,P 2 are on the circle X> 
centered at Q and radius d. Furthermore, from (P, Q, wo) G 93 (.M, A, d), one 
gets that P, Q, A are collinear and P E V. Since Q 7^ A, because Q G Aio 
(see Prop. 13.11) . Pi, P 2 , P, Q, A are on the same line £, and {Pi, P 2 , P} C £fl 
P. Since the center of "D is on £, then P = P\ or P = P 2 . So, P G C. Finally, 
since f2* is dense in C(.M, A, d), taking closures one gets <£(.M, A, d) C C. 

Conversely, let C(A4,A, d) = C. Let iii and it* as above. Let Ai\ — 
7r 2( 7r i~ 1 (^o)) | ~ | A^o- Since £(-M, A, d) = C, by Lemma |3~75| Ai± is a non-empty 
Zariski dense in M.. We prove that for every Q G .Mi, Card(7r 2 (7r ] " 1 (Q))) > 1 
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and hence that Ai is special. By Lemma I3T2T 2). Card^^" 1 (Q))) = 2. Let 
Pi,P 2 G 7r*( 7r 2~ 1 ( ( 5)) c Pi 7^ Ps- Then, there exists u> G IK such that 
(Pi, Q, Wo), (P2, Q, Wo) G *B(M., A,d). So, Pi,P2,Q satisfy the second and 
third equation of *B(C,A,d). Moreover, since p G Co, there exists u>; G IK 
such that (Q, Pi, wi) G 93 (C, A, d), and therefore Pi, P2 G ^(tiT^Q))- D 

We illustrate the previous results by an example. 

Example 4.6 Let C be the circle centered at (0, 0) and radius r = 1 defined 
by the polynomial / (2/1,2/2) = Hi + 2/1 ~ 1- ^ = (—1,0) G C. First, 
we compute C(C, (— 1, 0), 2), obtaining a Limagon of Pascal, defined by the 
polynomial: 

, \ A 9 9 9 9 4 

2/(xi, x 2 ) = x l + 2 x 2 x 1 — 6 x x — 8 Xi — 6 x 2 — 3 + x 2 - 

Note that we get a cardioid. Let us denote it as C' , i.e. C' = £(C, A, 2) (see 
Fig.mieft). 




Figure 5: Left: Circle centered at (0,0) and radius r = 1 (in dots), and its 
Conchoid from the focus (—1, 0) and radius d = 2 (cardioid). 
Center: Cardioid (in dots), and its Conchoid from the focus (—1,0) and 
radius d = 2 (continuous traced). 

Right: Cardioid (in dots), and its Conchoid from the focus (—1, 0) and radius 
d = 1 (continuous traced). 

Now, we compute the conchoid of the cardioid C from the same focus 
A = (—1,0) and the same distance d = 2. In this case, one gets a reducible 
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curve, say C" := €(C',A,2), with two irreducible components defined by the 
irreducible factors of: 

{x\ + x\ - 1) • {x\ + 2x\x\ - l%x\ - 32xi - l&x\ - 15 + a£). 

Note that, one component of C" is the initial circle C ( and therefore it is an 
special component of C ; see Theorem 4-5\ )> an d the other component is a 
Limagon of Pascal of C from the focus A and distance d — 4. See Fig. [5| 
center. 

On the other hand, the conchoid of C , from the focus A but now tak- 
ing distance d = 1, decomposes as the union of two irreducible components 
defined by the irreducible factors of the equation: 



x\ x\ — 11 x\ — 18 X\ — \\ x\—% J rX^)-{x x J r2 x\ x\ — 3 x\ — 2 X\ — 3 x\+x\\, 



that correspond to two Limagons of Pascal of C from the focus A at distance 
d = 3 and d = 1 respectively, as indicates Proposition \4 . 3\ (3); see Fig. 
right. □ 



Next theorem states the main property of the components of a conchoid. 

Theorem 4.7 Let C be different to a line passing through the focus, then 
£(C, A, d) has at least one simple component. 

Proof. Recall that we have assumed that C is not a circle centered at A. 
By Theorem 13.41 (4), (£(C, A, d) has at most two irreducible components. So, 
we distinguish two cases: (i) €(C, A,d) = M and (ii) £(C, A, d) = M' U M"; 
where all components are taken irreducible. Let us assume that all compo- 
nents of £(C, A, d) are special. By Theorem l4.5l one has that (i) £(.A4, A, d) = 
C or (ii) €(M',A,d) = £(M",A,d) = C. Let r = deg(C). We take P E C 
such that A := +\\P - A\\ & {-nd\n G N and 1 < n < 2r + 1}. Note 
that this is always possible because C ^ and C is not a circle centered at 
A. Also, let 7Tj be the projections in the incidence diagram of C, and let ir* 
be the projections in the incidence diagram of £(A4,A, d) (if (i) happens) 
and 7T-, ir" be the projections in the incidence diagrams of A, d) and 

€(A4", A, d), respectively (if (ii) happens). We consider the families of points 

{Pn '■= P-\ T— {P — ^4)}n6N,0<n<r, {Qn '■= P+~ T — " — (P ~ A) }n6N,0<n<r ■ 
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We prove by induction that P n G C and Q n G €(C, A, d) . Observe that, 
if this holds, then the line passing through A and P intersects C at r + 1 
different points, which is impossible because C is irreducible and it is not 
a line passing though A. Let us prove the induction claim. Pq = P G Co. 
Furthermore, by construction P ,Q ,A are collinear and ||Qo ~ Poll = d. 
Therefore, (Q ,P ,1/A) G »(C,A,d), and hence Q = 7Ti(Q , Po, 1/A) G 
(£(C, A, d). Moreover, ||Qo — A|| 2 = (A + d) 2 , that is not zero because of the 
selection of P (see above), and hence Qo G C(C, A, d)o- Now, we prove it for 
P n and Q n . Since P n = Q n -\ + d/ A (P — A), then P n , Q n -i, A are collinear, 
and \\P n — Qn-i\\ = d. Moreover, by induction hypothesis, Q n -i G (£(C, A, <i) . 
Now, if (i) happens, then Qn-i G .Mo- Thus, there exists w G IK such that 

(P n ,Qn-l,w) G %{M,A,d). SO, P n = 7rJ(P n , G = C. 

In addition, \\P — A\\ 2 = (A + 2nd) 2 7^ 0, because of the selection of P. Hence 
P„ G Co. On the other hand, if (ii) happens, then Q n ~\ G A4' U M,q. Say 
Qn-i £ A^d, similarly if Q n _i G A^q. Thus, there exists w G K such that 
{P n ,Q n „ h w) G Q3(Af, So ' p n = <{P n ,Q n -iM G A,d) = C. 

In addition, reasoning as above ||P — v4|| 2 = ( A + 2nd) 2 7^ 0. Hence P n G C . 
Furthermore, since Q n = P n + d/A (P — A), then P n , Q n , A are collinear and 
II — Pn || = d. Since, we already know that P n G Co, there exists w G IK 
such that (Q n ,P n ,w) G <8(C,A,d). So, Q n = n^Q^P^w) G £(C,A,d). 
Finally, \\Q n - A\\ 2 = (A + (2n + l)cf) 2 7^ 0, because of the selection of P. 
Thus, Q n G €(C, A, d) . □ 

The next corollary follows from the previous theorem and Theorem 13.41 

Corollary 4.8 Let C be different to a line passing through the focus, then it 
holds that: 

(1) If £(C, A,d) is irreducible then is simple. 

(2) £(C,A, d) has at least one simple component. 

Remark 4.9 Let C be a line different to C + and C~ (i.e. Cq 7^ 0), and let 
A G C. Then £(C, A, d) is irreducible (in fact (£(C, A, d) = C) and special for 
every d 7^ 0. Indeed, let C be the line of equation 

f = Kvi + fi(y 2 - b). 

Observe that, by Prop. \3.1\ C = C \ {A}. Then, if X = 0, one gets that 

7n(?B(C, A, d)) = {(yi± d, b) \ y 2 )eC\ {A}} c C, 
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and hence C(C, A,d) = C. Moreover, if Q = [x\, x 2 ) E 7Ti(Q5(C, A, d)) \ {(a ± 
d, b)} then ^(tt^ 1 (Q)) = {(xi — d, b), {x\ + d,b)}. Thus £(C, A, d) is special. 
On the other hand, if X 7^ , one gets that 

« ^)) = { („ =F -7*=^ ± ^i=) I 6 C„} c c. 

iVote A 2 +/i 2 ^ because C ^ C + andC ^ C~ . Therefore, £(C, A, d) = C. 
Moreover, if 

: x 2 ) E 7n(® (C, A d)) \ <{ I a T 7== > 6 ± 



and hence €.(C, A, d) is special. □ 

Corollary 4.10 The only curves for which the conchoid is irreducible and 
special are the lines passing through the focus. 

Proof. It follows from Theorem 14.71 and the above Remark. □ 

Lemma 4.11 Let C be different to a line passing through the focus, then 
there exist, at most, a finite number of distances for which all the conchoids 
£(C, A, d) have one common component. 

Proof. Let D C IK* be an infinite set and Ai an irreducible algebraic curve 
such that M. C f] d( z D £(C, A, d). Let r = deg(C), and di, . . . , d r+ i E D such 
that d 2 7^ d 2 , Mi 7^ j. Let Q = fXi=i ^A^l (Co)) H A4o, where 7Ti ; j and 7r 2ji 
are the projections of the incidence diagram associated to €(C, A, di). Since 
M. is irreducible, since is Aio non-empty an open in Ai, by Lemma [3.51 one 
has that Q is a non-empty Zariski subset of M.. Now, let Q E £1. Note that 
since Q E M.q then Q 7^ A. Then, for alH E {1, . . . , r + 1} there exist Pj E C 
and E K* such that (Q, p, Wj) E 23 (C, A, di). So, Q,Pi,A are collinear and 
HQ — P|| 2 = df. Furthermore, t p 7^ P, for all % 7^ j and z, j E {1, . . . r + 1}, 
since ||Q — p|| 2 = d\ 7^ d 2 = \Q — P/|| 2 . Now, let £ denote the line passing 
through Q and A; note that L is well-defined since Q ^ A. Then, one has 
that {Pi, ... , P r+ i} C C n C. Thus, Card(£ nC)> deg(C) and hence C = £, 
in contradiction with the hypothesis. □ 
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Theorem 4.12 Let C be different to a line passing through the focus. Then 
for almost every distance d G K* all the components of the conchoid £(C, A, d) 
are simple. 

Proof. Let us assume that there exists an infinite set Del* such that for 
all d G K*, the conchoid £(C, A, d) has an special component. Let r = deg(C), 
5 r := 1 + (2), and d 1 , . . . , d$ r G D such that: df 7^ <i 2 , C is not a component 
of £(C, A, di), and M.i 7^ TWj being M. t the special component of £(C, A, dj). 
Note that this is always possible because d\ 7^ <i 2 and lemma 14.111 Let 
Mi, = {P eM % \ ||P - A|| 2 ^ 0}, and let 

Aj = (Mi \ M i|0 ) u (M, n C) |J(M n 

Since M.i 7^ .Mj, 7^ C, using that Ati,o is open an non-empty in Mi 
(see Proposition 14.31) . and that Cq is open and non-empty in C, one has that 
A := Ui=i U (C \ C ) is a finite set. In this situation, we take a line C 
passing through A and such that £ fl A C {A}. Let G £ fl .M^o for 
i G {l,...,5 r }. This, in particular, implies that Qi 7^ A. By construction 
Card({Qi, . . . , Qs r }) = S r . Since M.i is special, by Theorem 14.51 one gets 
that €(A4j, A, di) = C. Furthermore, by construction Qi G A4^o- Therefore, 
there exist P/,Pj G C, P[ 7^ P i; and Wi such that (P 4 , Q iy Wi), (P/, Qi, G 
Thus, lig.-P/H^ HQ.-P.H^rffandQ^P^P/G/:. Let Q 
be the circle centered at Qi and radius dj. Since Qi 7^ Qj we have d~ r different 
circles with all the centers at C. This implies that Card(£ P|i=i ^0 > r + 1- 
On the other hand £ fl Cj = {Pj, P/} C C. Hence there exist, at least, r + 1 
different points in C fl C and therefore C = C, in contradiction with the 
hypothesis. □ 



5 The Role of Simple Components 

Simple components (see previous section) play an important role, from the 
theoretical point of view, in the study of conchoids. Essentially, they provide 
information on the birationality of the maps in the incidence diagram, and 
hence they open the door for studying, in further research, algebraic and 
geometric properties of the conchoids. 

Lemma 5.1 Let m and 7T2 be the projections in the incidence diagram as- 
sociated with C. 
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(1) Let C be different to a circle centered at A and radius d. IfC(C,A,d) 
is reducible and M. is an irreducible component of <£.(C,A,d), then the 
restricted map 

n 2 = 7T2 l^-i^) : iri\M) — ► C 

is birational. 

(2) If M. is an irreducible component of<L(C,A,d), then the restricted map 

is birational iff M. is simple. 

Proof. (1) Let M! be the other component of (£(C, A, d) (see Theorem 13 .4p . 
Let £ = MDM'. By LemmaESl C x := 7r 2 (7r 1 ~ 1 (>l\S))n7r 2 (7rf 1 (A4'\S))nC 
is a non-empty Zariski dense of C. We prove that for P E C\ the cardinality 
of ^\P) is 1. Since P E C , by Lemma E21 Card(7r 2 " 1 (P)) = 2. Moreover, 
since P E tz 2 {tz^ 1 {M \ £)) n ^(^(Af \ £)), there exist # e ^(.M \ S)) 
and H' E 7r^(M'\^)) such that n 2 (H) = P and ir 2 {H') = P- i.e. n 2 l {P) = 
{H, H'}. Thus, there exist Q E M \ S, Q' e M \ S (note that this implies 
that Q G .M but Q' ^ .M) such that # = (Q, P, ty) and if' = (Q', P, w). So, 
7i E n^\M) and JP £ ^ l (M). Therefore n^(P) = {H}. 
(2) follows from the notions of simple component and birational map. □ 

From this lemma, one directly deduces the following corollary. 

Corollary 5.2 Let C be such that £(C, A, d) is reducible. Then, the simple 
components of £(C, A,d) are birationally equivalent to C. 

In the following example we illustrate these results. 

Example 5.3 Let C be the plane curve defined by 

f(yi, y 2 ) = -3 + 9 Vl 2 + 9y 2 2 + 2y 2 -4y 2 4 -4 yi 4 -8 Vl 2 y 2 2 . 

Let A = (0, -1) and distance d = 1/2 then £(C, A, d) = M U M where N is 
defined by N(x) := x\ + x\ — 1 and M. by M(x) := x\ 4 + 2x 2 2 xi 2 — 3xi 2 — 
3x 2 2 — 2x 2 + x 2 4 . Note that M is special (i.e. £.(N,A,d) = C) and M. is 
simple. ?B(C,A,d) decomposes as *B(C,A, d) = T 1 U T 2 where T 1 := ^^(Af) 
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and T 2 := tt 1 1 (M). By Lemma \5.1\ (2), 7Tx |r 2 : F 2 — ► M. is birational and 
7Ti\r 2 '■ Ti — ► M is not. Indeed 

(vnlrj" 1 : M — > T 2 

/ \ / xi(xi 2 -6+x 2 2 -4a;2) X2 2_4 :r2+:! , 1 2_2 4 
(£l,£ 2 J I ► IXl,2;2, 4(^+1) , 4 '8^+9 

TTius, &?/ Lemma I5.il 

.M — ► C 

, s / x\ {x\ - 6 + x 2 2 - 4 x 2 ) x 2 2 - 4x 2 + xi 2 - 2 

(I1 ' I2) ' * { iRTi) ' 4 

is birational (i.e. tp = vr 2 |r 2 ° { 7T i\r 2 )~ 1 )- ^ n f ac t> 

if' 1 : C — > M 

I , f yi (3 + 8y 2 + 4 yi 2 + 4?/ 2 2 ) 5 1 2 1 2 

□ 



6 Detecting Conchoids 

In this section, we show how special components can be used to decide 
whether a given irreducible plane curve D (being different to C + and C~) is 
the conchoid of another curve. First observe that one can always find a curve 
C, and A £ JK 2 , d £ K* such that V is a component of C(C,A, d). For this 
purpose, one simply has to take C as an irreducible component of <£(T>, A, d). 
Then, by Proposition 14.31 (2). V C <t(C,A, d). So, we are now interested in 
deciding whether there exist A £ K 2 , d £ K* and C such that T> = C(C, A, d). 
By Theorem 14. 5[ this is equivalent to decide whether there exist A £ IK 2 , 
d £ K* such that €(T>, A, d) has an special component; if so, C is the special 
component. We proceed as follows 

Finding the focus. Let g(x) be the defining polynomial of T>, and A = (a,b) 
where a, b are unknowns. We consider a line L passing through A and a 
generic point Q — (zi, z 2 ), expressed parametrically as L(t) = A + t(Q — A). 
Now, we take two different points Pi := L(£i),P 2 := £(^2) on £5 and we 
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consider the algebraic set 

= g{L{h)) = o ) 
= g{L{t 2 )) = o I 

= iiL(t 1 )-gn 2 = n^ 2 )-gii 2 f 

= w(t 1 -t 2 ) = l. J 

Eq 4 and Eq 2 ensure that Pi,P 2 G T>, Eq 3 requires that Pi,P 2 are on the 
same circle centered at Q, and Eq 4 guarantees that Pi ^ P 2 . Therefore, 
if it : K 7 — > K 2 is the projection ir(a, b, z±, z 2 , ti, t 2 , u) = (a, 6), then the 
possible focuses A, such that there exists d for which <£(T>, A, d) has an special 
component, belong to 7r(<S); i.e. belong to K(/nK[a, &]), where I is the ideal 
generated by {Eq 1; . . . , Eq 4 } (see Closure Theorem in (jj) p. 122). 

Example 6.1 LetT> be the line defined by g(xi, x 2 ) = Xxi + fix 2 + p. Then, 

Eq 1 = X (a + ti {z l -a))+/i(b + h (z 2 - b)) + p 
Eq 2 = A (a + t 2 (z! -a))+fjt (b + t 2 (z 2 - b)) + p 
Eq 3 = (a + ti (zi - a) - zif + (b + ti (z 2 - b) - z 2 ) 2 - 

(a + t 2 (zi - a) - zij 2 - (b + t 2 (z 2 - b) - z 2 ) 2 
Eq 4 = u (ti - t 2 ) - 1. 

Moreover, 

{/i b+X a+p, A Z!+fi z 2 +p, (-Z2 + bf {h + t 2 -2), (-z 2 + bf (-2 to + 1 + 2 ut 2 ) 

, Uti — L)t 2 — 1} 

is a Grobner basis of {Eq l5 . . . , Eq 4 } ty.r.t lexorder, with uj > t\ > t 2 > z\ > 
z 2 > a > b. Hence the possible focuses (a,b) satisfy fi b + A a + p = 0; i.e. 
they are on the line T>. Indeed all of them are valid (see Remark \4.9\ ). □ 

Detecting the Conchoid. Let T> and g{x) be as above, and let us assume that 
we are given know a focus A = (a, b) and we want to decide whether T> is a 
conchoid from A. So, we need to decide whether there exists d G K* such that 
<t(T>, A, d) has an special component. For this purpose, let L*(t), Eq^, . . . , Eq 4 
be the polynomials L, Eqj specialized at A. The new algebraic set, defined by 
{Eq^, . . . , Eq 4 }, say S*, is in IK 5 . In this situation, if n* := K 5 — > K 2 where 
ir*(zi, z 2 , ti, t 2 , uj) = (zx,z 2 ) and /* the ideal generated by {Eq 4 , . . . , Eq 4 }, 
reasoning similarly as above, the algebraic Zariski closure Ti := tt*(S*) = 
V(P fl K[2;!,z 2 ]) contains the special components of £(V,A,d). Thus, we 
may factor Ti., and for each irreducible component we compute its generic 
conchoid (see Remark 12.21) to afterwards checking whether for some d G K* 



S — { (a, b, Zi, z 2 , ti, t 2 , to) G K 7 



Eqi 
Eq 2 
Eq 3 
Eq 4 
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we get T>. Note that in 7i we also may have the curve defining the geometric 
locus of those points Q such that when intersecting T> with the line passing 
though A,Q we get at two points P\ , P2 satisfying that 1 1 P\ — Q || = || Pi — Q \ \ , 
being this quantity non-constant. On the other hand, we only know that for 
all, but finitely many exceptions, specializations of the generic conchoid we 
get the conchoid. These exceptions can be determined (see Example 12.31) but 
the computation may be too heavy. 

Example 6.2 Let T> be defined by g(x) = Xi 4 + 2x2 2 Xi 2 — 9xi 2 — 4xi — 
9x 2 2 + 12 + x 2 4 and A = (—2,0). Computing a Grobner basis of the ideal 
P generated by {Eq^, . . . , Eq^} w.r.t. lexorder, with u > ti > t 2 > z\ > z 2 , 
we get that 7i := V(P R K[zi, Z2}) decomposes as the union of the circle Tii 
defined by —4 + z\ 2 + z 2 2 and the quartic Ti.2 defined by —4 — 4 z\ + 15 z\ 2 + 
l<oz l z +Az l 4 -z 2 2 +l'oz2 2 Zi+%Z2 2 z l 2 +Az2 i . The generic conchoid €(Hi, A, d) 
is given by 

G(x,d) = -8xi 2 -8x 2 2 -4:d 2 +l6-4:X 1 d 2 +x 1 4 +2x2 2 x 1 2 -Xi 2 d 2 -X2 2 d 2 +X2 4 . 

Solving the algebraic system is d provided by g(x) = G(x, d) one gets that 
d = ±1. Indeed T> = £(H,i,A, 1). Performing the same computations with 
7i 2 one gets that T> is not a conchoid ofH.2- □ 

References 

[1] Arrondo E., Sendra J., Sendra J. R. (1997). Parametric Generalized Off- 
sets to Hypersurfaces. Journal of Symbolic Computation vol. 23, pp. 
267-285. 

[2] Arrondo E., Sendra J., Sendra J. R. (1999). Genus Formula for Gener- 
alized Offset Curves, Journal of Pure and Applied Algebra vol. 136, no. 
3, pp. 199-209. 

[3] Azzam R.M.A. (1992). Limacon of Pascal locus of the complex refractive 
indices of interfaces with maximally flat reflectance-versus- angle curves 
for incident unpolarized light. Journal of the Optical Society of America 
A: Optics, Imagen Science, and Vision, Vol 9. pp. 957-963. 

[4] Cox D., Little J. and O'Shea D. (1997). Ideals, Varieties, and Algo- 
rithms. Springer- Verlag, New York. 



23 



Harris J. (1992). Algebraic Geometry, a First Course. Springer- Verlag. 

Kerrick A.H. (1959). The limacon of Pascal as a basis for computed 
and graphic methods of determining astronomic positions. Journal of 
the Institute of Navigation, vol.6, No. 5. 

Menschik F. (1997). The hip joint as a conchoid shape. Journal of Biome- 
chanics. 1997 Sep; 30(9):971-3 9302622. 

MyungJin Kang (2004). Hip joint center location by fitting conchoid 
shape to the acetabular rim images. Engineering in Medicine and Biology 
Society, 2004. IEMBS'04. 26th Annual International Conference. Vol 2. 
pp. 4477-4480 vol 6. ISBN:0-7803-8439-3. 

San Segundo F., Sendra J. R. (2005). Degree Formulae for Offset Curves. 
Journal of Pure and Applied Algebra vol. 195, pp. 301-335. 

San Segundo F., Sendra J. R. (2006). Partial Degree Formulae for Plane 



Offset Curves. arXiv:math/0609137vl [math.AG] 



Sendra J., Sendra J. R. (2000). Algebraic Analysis of Offsets to Hyper- 
surfaces. Mathematische Zeitschrift vol. 234, pp. 697-719. 

Shafarevich R. I., Basic Algebraic Geometry. Springer, 1977, 2nd edition, 
1994. 

Sultan A. (2005). The Limagon of Pascal: Mechanical Generating Fluid 
Processing. Journal of Mechanical Engineering Science, vol. 219, Number 
8/ 2005. pp. 813-822. ISSN.0954-4062 

Szmulowicz F. (1996). Conchoid of Nicomedes from reflections and re- 
fractions in a cone. American Journal of Physics, vol. 64, pp. 467-471. 

Weigan L., Yuang E., Luk K.M. (2001). Conchoid of Nicomedes and 
Limagon of Pascal as Electrode of Static Field and a Wavwguide of High 
Frecuency Wave. Progress In Electromagnetics Research Symposium, 
PIER 30, 273-284. 



24 



